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Quadratic Extensions of Flag-transitive Planes
YUTAKA HIRAMINE, VIKRAM JHA AND NORMAN L. JOHNSON
In this article, the finite translation planes which are quadratic extensions of flag-transitive sub-
planes are classified as either Desarguesian or Hall.
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1. INTRODUCTION
The Hall, Desarguesian and Hering planes are translation planes with spreads in PG(3, q)
that admit collineation groups G in the linear translation complement that have two or three
point orbits at infinity. In particular, there is always one orbit of length q + 1 and i orbits of
length (q2 − q)/ i for i = 1, 2.
The authors recently completely characterized translation planes of odd order with spreads
in PG(3, q) which have such collineation groups.
THEOREM 1.1 (HIRAMINE, JHA AND JOHNSON [18]). Let pi be a translation plane of
odd order q2 with spread in PG(3, q) which admits a linear collineation group G with point
orbits at infinity, one of length q + 1 and i of length (q2 − q)/ i for i = 1, 2.
Then pi is one of the following types of planes:
(i) Desarguesian, the group G (modulo the kernel) is reducible and there exists an elation.
In this case, i = 1;
(ii) Hall, the group G is reducible and there exists a Baer p-element, q = pr . Here, i = 1;
(iii) Hering, the group G is irreducible and q = pr for r odd and, in this case, i = 2;
(iv) derived likeable Walker plane of order 25.
Note that the group (modulo the kernel) is reducible in both the Desarguesian and Hall cases
and, in either case, there is an invariant subplane of order q.
DEFINITION 1.1. Let pi denote an affine plane of order q2 that contains an affine subplane
pio of order q .
If there is a collineation group G of pi which leaves pio invariant, acts transitively on the
flags of pio, and acts transitively on the tangents to an affine point of pio, we shall say that pi
is a quadratic extension of the flag-transitive plane pio.
In this article, we are able to completely classify, without any further conditions, translation
planes which are quadratic extensions of a flag-transitive plane.
Our main result is
THEOREM 1.2. Let pi be a finite translation plane which is a quadratic extension of a flag-
transitive plane pio.
Then pi is either Desarguesian or Hall or the derived likeable Walker plane of order 25.
Actually, we prove a more general result assuming merely that the collineation group is
reducible with suitable infinite orbits so that our main result is actually a corollary to this
general theorem.
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In a more general setting, an analysis of translation planes of order qn that are n-dimensional
extensions of a flag-transitive plane pio might be considered.
For example, in Jha and Johnson [22–24], the classification of generalized Desarguesian
planes of order q3 is given. These are translation planes admitting GL(2, q) and are cubic
extensions of a flag-transitive plane of order q . However, there is a tremendous number of
mutually non-isomorphic planes of this type. In such planes, the associated vector space is a
standard G F(q)GL(2, q)module. This means that the group SL(2, q) is generated by elation
groups and that GL(2, q) leaves invariant each subplane of order q incident with the zero vec-
tor in the associated G F(q)-regulus net defined by the elation axes of SL(2, q). Furthermore,
there are always infinite point orbits of lengths q + 1 and q3 − q , which implies that we have
a very large assortment of cubic extensions of a flag-transitive plane.
Hence, we see that the problem even for cubic extensions becomes exponentially more
difficult. For extensions of dimension 4, the problem turns somewhat on the construction of
regular packings (regular parallelisms).
In Jha and Johnson [20] and [21], regular parallelisms and associated translation planes
are considered. Furthermore, Pentilla and Williams [31] have constructed an infinite class
of cyclic regular parallelisms in PG(2, q) for q ≡ 2 mod 3. The previously known regular
parallelisms are also cyclic and lie in PG(3, 2), PG(3, 5) and PG(3, 8).
In general, there are corresponding translation planes of order q4 admitting a collineation
group isomorphic to SL(2, q)× Z1+q+q2 when the parallelism lies in PG(3, q). In this case,
there are (q4−q)/(q2−q) = 1+q+q2 derivable nets containing a net R of degree 1+q and
the group Z1+q+q2 acts regularly on the set of these derivable nets. The group SL(2, q) fixes
a derivable net and acts transitively on the q2− q components not in R and transitively on the
components of R. Moreover, R is a K -regulus net for some field K isomorphic to G F(q) so
there are 1+ q + q2 + q3 subplanes. It follows that Z1+q+q2 leaves invariant a subplane and
SL(2, q) leaves invariant all of the translation planes pi of order q4 that contain a subplane pio
of order q such that pi is a transitive extension of a flag-transitive plane.
So, the Johnson–Walker and Lorimer–Rahilly translation planes of order 24 admit colli-
neation groups with orbits of length 2+1 and 24−2 and there is also an invariant subplane of
order 2 within the net of degree 3. The planes of Prince [32] of order 54, the unpublished plane
of Denniston of order 84, as well as all of the translation planes arising from the parallelisms
of Pentilla and Williams [31], are then examples of translation planes of order q4 that admit a
collineation group with infinite point orbits of lengths q + 1 and q4 − q that leave invariant a
subplane of order q; examples of dimension 4 extensions of a flag-transitive plane.
Thus, we see that to solve a more general problem, the translation planes of order qn ad-
mitting SL(2, q) probably need to be determined. When n = 2, the classification is given by
Foulser and Johnson [10, 11]. Furthermore, the analysis of Baer groups allows a description
of the subplane when the group is solvable, which ultimately leads to the use of nets of critical
deficiency.
Below, we shall provide a sketch of the proof which further explains why a proof is pos-
sible for quadratic extensions but not necessarily possible for extensions of larger dimen-
sions.
We first develop the examples and some background which should be sufficient to read the
proof.
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2. THE EXAMPLES
Let 6 be a Desarguesian affine plane of order q2 and let N denote a regulus subnet of 6.
The collineation group G, generated by the affine elations with axes the components of N ,
is isomorphic to SL(2, q). Furthermore, all such central collineations with center in N must
leave invariant every Baer subplane incident with 0 and G acts transitively on the components
of6− N . Letting T denote the translation subgroup which acts regularly on a given subplane
pio of N , we have that GT is a collineation group which is flag-transitive on pio and acts
transitively on the components of 6 − N . Hence, the Desarguesian plane of order q2 is a
quadratic extension of a flag-transitive plane of order pio and GT is non-solvable unless q = 2
or 3.
Now derive N to construct the Hall plane pi . But, note that G does not leave invariant a
Baer subplane of the derived net N∗. So, let BC denote the central collineation group of 6 of
order q(q−1) with fixed axis `, a component of N , that acts 2-transitively on the components
different from ` of N . Let K denote the kernel homology group of order q2−1 of 6 and note
that K fixes all components of 6 and acts transitively on the Baer subplanes of N incident
with the zero vector.
Now acting in pi , BC K leaves the Baer subplane ` invariant, acts transitively on the com-
ponents of N∗ (the Baer subplanes of N ) and acts transitively on the components of 6 − N
which are also components of pi − N∗.
Hence, if T is the translation subgroup of pi acting regularly on ` as a Baer subplane, then
BC K T is flag-transitive on ` and transitive on the components of pi − N∗.
Thus, the Hall plane is a quadratic extension of a flag-transitive plane admitting a solvable
group. In fact, we may distinguish between the Hall and Desarguesian planes by the solvability
and non-solvability of the groups as follows.
THEOREM 2.1.
(1) If 6 is a finite Desarguesian affine plane and G is a collineation group which leaves a
Baer subplane pio invariant and acts transitively on the components of pio and of6−pio,
then either the order is 22 or 32 or the group G is non-solvable.
(2) If pi is a finite Hall affine plane and G is a collineation group which leaves a Baer
subplane pio invariant and acts transitively on the components of pio and of pi − pio,
then the group G is solvable.
PROOF. In case (2), we note that pio becomes a line of an associated Desarguesian plane6.
Let N denote the corresponding regulus net in 6 such that derivation of N produces pi . Let
H denote the subgroup of 0L(2, q2) which leaves N invariant. Note that H is isomorphic to
(GL(2, q)0L(2, q)) ∩ 0L(2, q2) where the first two listed groups intersect in the center of
the GL(2, q)′s.
Hence, H is a subgroup of GL(2, q)Zq2−1 〈σ 〉 where σ : (x, y) 7−→ (x p, y p) where
q = pr for p a prime and Zq2−1 is the kernel homology group of order q2 − 1.
We note that we may assume that Zq2−1 〈σ 〉 leaves x = 0 invariant. Hence, the stabilizer of
x = 0 in H is the product of the central collineation group BC with center (∞) of order q(q−
1) by Zq2−1 〈σ 〉. However, BC is normal and Zq2−1 commutes with BC so that BC Zq2−1 is
normal and the quotient is cyclic. Hence, the group G must be solvable. This proves (2).
Assume the conditions of (1) and assume that G is solvable. If 6 is Desarguesian, then pio
is Desarguesian and the group induced on pio must be non-solvable if and only if the original
group is non-solvable, since the subgroup fixing pio pointwise has order dividing 2. Thus, the
group induced on pio is solvable.
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First, assume that the order q is odd equal to pr . If there are elations induced on pio and q
is not 3, it follows that the group is non-solvable and contains SL(2, q) or SL(2, 5).
Hence, assume there are no elations in G.
Thus, since there is a faithful p-subgroup of order divisible by q , then q divides the order
of the collineation group induced upon pio and since there are no elations, it must be that q
divides r , which clearly cannot occur. Hence, there are elations which must generate either
SL(2, q) or SL(2, 5) and q = 9.
Thus, assume that q = 2r and there is not an elation group of order at least 4 induced on
pio. Then, q divides 4r so that r = 1, 2 or 4. Of course, if an elation group of order at least 4
is induced, then the group induced on pio contains SL(2, q).
Hence, either there is a non-solvable group or q = 2, 4 or 16.
Assume that q = 4. Then, we note that the group G is divisible by 15 and if the group is
solvable, there is a subgroup H of G of order 3a ·5b for 1 ≤ a, b which must induce faithfully
on pio. Moreover, H ∩GL(2, 4)= H . Furthermore, any element of H which induces a kernel
homology on pio must itself be a kernel homology of 6. Hence, there is a subgroup of order
divisible by 15 in PGL(2, 4).
It follows from the structure of the subgroups of PGL(2, q) that the group is non-solvable.
Similarly, when q = 16, there is a subgroup of order divisible by 15·17 inducing a subgroup
of the same order in PGL(2, 16) forcing the group to be non-solvable.
Hence, either q = 2 or 3 or the group is non-solvable. This proves (1). 2
3. BACKGROUND
Here we fix our notation and list, for the benefit of the reader, the majority of the main results
used in our arguments. For the most part, the results are listed in the order of appearance in
the proof.
THEOREM 3.1 (HERING AND OSTROM [14, 29, 30]). Let pi denote a finite translation
plane of order pn and let E denote the collineation group in the translation complement
which is generated by all affine elations.
Then one of the following hold:
(1) E is an elementary abelian p-group;
(2) p = 2, and the order of E is 2t where t is odd;
(3) E is isomorphic to SL(2, pb);
(4) E is isomorphic to Sz(2c) and p = 2, or
(5) E is isomorphic to SL(2, 5) and p = 3.
Furthermore, when the group is non-solvable and not isomorphic to Sz(2c), then the net
that determines the set of elation axes is a Desarguesian net.
THEOREM 3.2 (FOULSER AND JOHNSON [10, 11]). Let pi denote a translation plane of
order q2 that admits a collineation group isomorphic to SL(2, q).
Then pi is one of the following planes:
(1) Desarguesian,
(2) Hall,
(3) Hering,
(4) Ott–Schaeffer,
(5) the Dempwolff plane of order 16, or
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(6) one of three Walker planes of order 25.
THEOREM 3.3 (JOHNSON [25]). Let pi be a finite translation plane of order pr which
admits a collineation σ in the translation complement H0 of order u, a prime p-primitive
divisor of pr − 1.
If σ fixes at least three mutually disjoint r-dimensional G F(p)-subspaces, then there exists
a unique Desarguesian affine plane 6 consisting of the σ -invariant r-dimensional G F(p)-
subspaces.
Furthermore, NH0(〈σ 〉) is a collineation group of 6.
THEOREM 3.4 (FOULSER [7]). Let pi be a finite translation plane of order q2 which con-
tains a Baer subplane pio incident with the zero vector. Let Npio denote the net of degree q + 1
defined by the components of the subplane pio. Let the kernel of pio be isomorphic to G F(pa)
where q = pr and p is a prime and assume that there are at least three Baer subplanes in
Npio which are incident with the zero vector.
Then the number of subplanes of Npio incident with the zero vector is 1+ pa .
Furthermore, the set of Baer subplanes incident with the zero vector is isomorphic to
PG(1, pa).
THEOREM 3.5 (FOULSER [8]). A finite translation plane of odd order pr for p a prime
cannot simultaneously admit non-trivial Baer p-collineations and non-trivial affine elations.
THEOREM 3.6 (FOULSER [8]). Let pi be a finite translation plane of order 3r .
The following three properties cannot simultaneously hold: τ and σ are Baer 3-collineations,
and
(1) Fixτ 6= Fixσ ;
(2) Fixτ ∩ Fixσ 6= 0; and
(3) τ leaves Fixσ invariant.
THEOREM 3.7 (OSTROM [30]). Let N be a net of order q2 and degree q2 − q.
Then N can be extended to at most two non-isomorphic affine planes and if there are two
extensions, the planes are related to each other by derivation.
THEOREM 3.8 (BUEKENHOUT ET AL. (NOT STATED IN ITS MOST GENERAL FORM) [2]).
Let pio be a finite translation plane that admits a non-solvable flag-transitive group. Then pio
is one of the following types of planes:
(1) Hall of order 9;
(2) Hering of order 27;
(3) Lu¨neburg–Tits of order 22r for r odd; and
(4) Desarguesian.
THEOREM 3.9 (GANLEY, JHA AND JOHNSON [12]). Let pi be a finite affine plane of or-
der n not in {34, 36, 112, 192, 292, 592} admitting a collineation group G that has a point
orbit  of length n and induces upon it a non-sovable doubly transitive group.
Then  is a line or a Baer subplane of pi and the largest translation subgroup T of G acts
transitively on . Thus, G = T G0 where G0 is the stabilizer of any point 0 of . Moreover,
at least one of the following hold:
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(1) pi is a Desarguesian plane;
(2) pi is a Hall plane;
(3) pi is the Hering plane of order 25 or one of the two exceptional Walker planes of order
25; and
(4) pi is the Dempwolff plane of order 16.
THEOREM 3.10. (FOULSER [4] (TABLE II, P. 457), FOULSER [5] (P. 192 AND FIG-
URE 1 P. 201), AND FOULSER AND KALLAHER [9] (1.2))) Let G be a solvable flag-
transitive collineation group of a finite affine plane pi of order pr . Then, with 16 exceptions,
G ≤ 0L(1, p2r ).
Of the 16 exceptions:
(a) 10 occur as doubly transitive groups of the Desarguesian affine planes of order 3, 5, 7,
11, and 23;
(b) three occur as doubly transitive groups of the nearfield plane of order 9; and
(c) two occur as rank 6 groups of the Desarguesian plane of order 11, and one as a rank
12 group of the Desarguesian plane of order 23.
THEOREM 3.11 (HERING [15] (SECTION 4.4) P. 391). Let pio be an affine plane of order
pr > 8 and r > 1 admitting a flag-transitive collineation group G. Let u be a prime p-
primitive divisor of p2r − 1. Let S denote the normal closure of a Sylow u-subgroup U within
G0 and let F denote the Fitting subgroup of G. Then
(a) SF/F is simple; and
(b) Go/S is isomorphic to a subgroup of 0L(1, p2r ).
THEOREM 3.12 (LU¨NEBURG [27] (SECTION 37.10), P. 192). Let pio be an affine plane
of order pr for p a prime. Assume that u is a p-primitive divisor of pr − 1. If G is a solvable
flag-transitive collineation group of pio whose order is divisible by u, then pio is Desarguesian.
THEOREM 3.13 (LU¨NEBURG [27] (SECTION 49.5) P. 253). A collineation τ of a finite
translation plane is an affine elation or a Baer collineation of order p if and only if the
minimal polynomial of τ is (x − 1)2.
THEOREM 3.14 (LU¨NEBURG [27] (SECTION 49.4) P. 253). Let pi be a translation plane
with spread in PG(3, q). Let q = pr for p a prime. If τ is a collineation of pi in the translation
complement of order p, then the minimal polynomial is (x − 1)2 or (x − 1)4. If it is (x − 1)4,
then p ≥ 5.
THEOREM 3.15 (LU¨NEBURG [27] (SECTION 48.5)). Let R be a regulus in PG(3, q).
Any Desarguesian affine plane with spread in PG(3, q) that contains R admits the group
which fixes the opposite regulus linewise as a collineation group.
THEOREM 3.16 (JHA [19]). A finite translation plane of order p2r 6= 16 that admits a
collineation group of order pr (pr − 1) that fixes a Baer subplane pointwise is a generalized
Hall plane and may be derived from a semifield plane whose middle nucleus contains a field
isomorphic to G F(pr ).
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4. A SKETCH OF THE PROOF
The proof uses the group action of collineations of order u, for u a prime p-primitive divisor
of p2r − 1 for q = pr and p a prime. When there is no such divisor, r = 1 or q = 23. When
r = 1, it follows that the group is in GL(4, p) and we may apply the results of Hiramine, Jha
and Johnson [18] (Theorem 1.1).
In addition to problems arising from q = 23, there is also an exceptional order q2 = 81
which prevents certain group theoretic arguments to apply. Hence, we provide special sections
and ad hoc arguments for analysis of planes of order 64 and 81.
Now assume that r 6= 1 and q2 6= 64 or 81. To circumvent certain technical difficulities that
arise, we first eliminate the possibility that the associated group G contains an elation. If there
is an elation, we may apply the results of Hering and Ostrom [15, 28, 29] (Theorem 3.1) to
show that either we obtain a subgroup isomophic to SL(2, q) or the elation group per axis has
order 2. In the former case, the theorem of Foulser and Johnson [10, 11] (Theorem 3.2), applies
to show that plane is Desarguesian or Hall. In the latter case, the group action implies that there
is an element g of order a p-primitive divisor whose g-invariant subspaces of line size form
a Desarguesian spread sharing all components of the translation plane save possibly those
belonging to a net of degree q + 1 (see, for example, Johnson [25] (Theorem 3.3)). We now
are able to apply Ostrom’s theory of critical deficiency, [30] Theorem 3.7 to finish the proof.
The next step is to show that the subplane pio is Desarguesian. When G is non-solvable, the
results of Buekenhout et al. [2] (Theorem 3.8) apply to show that pio is either Hall of order 9,
Hering of order 27, Lu¨neburg–Tits of order 22r for r odd or Desarguesian. The group action
then implies that pio is, in fact, Desarguesian.
When G is solvable, it is possible to apply results of Foulser and Foulser and Kallaher
[5, 6, 9] (Theorem 3.10) to embed G | pio in 0L(1, q2). Furthermore, results of Foulser
[5] (Theorem 3.4) connect planar p-groups fixing pio pointwise with the size of the kernel.
Thus, the existence of large Baer groups shows that pio is Desarguesian.
Assuming that pio is Desarguesian, we obtain that G | pio is a subgroup of 0L(2, q) and if
the group is solvable, the group may, in turn, be considered within 0L(1, q2).
If the group is non-solvable, then we are able to show that the group is transitive on pio so,
adjoining the translation group Tpio that acts regularly on pio, we have a group acting two-
transitively and non-solvably on a set of line size. Applying the main results of Ganley, Jha
and Johnson [12] (Theorem 3.9), shows that the plane is Desarguesian or Hall.
When the group is solvable, there is an element g of order a prime p-primitive divisor of
q2 − 1 such that 〈g〉 is normal. There is an associated Desarguesian spread consisting of the
g-invariant subspaces of line size sharing all components not in the net of degree q + 1 con-
taining pio. Again applying Ostrom’s theorem on critical deficiency [30] (Theorem 3.7), we
have that pi is Desarguesian or Hall.
5. BASIC ANALYSIS
In this section, we provide several fundamental lemmas which we shall use throughout the
article. First, we show that the theorem is already completed if the order is p2 for p a prime.
THEOREM 5.1. Let pi be a translation plane of order p2, for p a prime, and admits a
collineation group G which has a point orbit at infinity of length p + 1 and i point orbits at
infinity of length (p2 − p)/ i for i = 1 or 2 .
If G leaves invariant a subplane pio of order p, then pi is Desarguesian or Hall or derived
likeable Walker of order 25.
804 Y. Hiramine et al.
PROOF. Since the translation complement is a subgroup of 0L(4, p) = GL(4, p), we may
apply the theorem of Hiramine, Jha and Johnson [18] (Theorem 1.1) to conclude that the plane
pi is either Desarguesian, Hall, Hering or derived likeable Walker of order 25. However, in this
last case, the group is irreducible and so we have the proof to our result. 2
THEOREM 5.2. Assume that a translation plane pi of order q2 6= 64 or 81 admits a
collineation group G with point orbit at infinity, 1 of length q + 1 and all other point or-
bits at infinity, of lengths λ such that (λ, q + 1) ≤ 2.
If G contains an elation, then pi is Desarguesian or Hall.
PROOF. Let q = pr for p a prime. Clearly, any elation must fix a point of 1. By Hering
and Ostrom [15, 28, 29] (Theorem 3.1), we know the possible groups M generated by the set
of elations. The group M is either isomorphic to SL(2, pt ), SL(2, 5) and p = 3 or Sz(22a+1)
and p = 2, or is solvable and M = 〈σ 〉 O(M) where O(M) denotes the largest normal
subgroup of odd order and σ is an elation.
First, assume the last case. Let µ1 denote the set of primes dividing q + 1. Let X1 denote a
Hall µ1 ∪ {2} = µ-subgroup of MP , where P is the unique point on1 fixed by σ . Let X be a
Hall µ-subgroup of M containing X1. Let Y1 be a Hall µ′-subgroup of MP . Hence, by order,
MP = X1Y1. Then, X MP = X X1Y1 = XY1. Note that Y1 is also a Hall µ′-subgroup of M
since | M |= (q + 1) | MP |. Hence, XY1 = M . Note that MP must centralize σ since the
full elation group with fixed center has order 2. So, M =< σ x for x in XY1 >=< σ x for x
in X > . However, X is a µ-group and 2 is in µ so that M = X .
Since O(M) is solvable, (O(M))(r) = 1 for some integer r . Hence, there exist a series of
characteristic subgroups Wi (1 ≤ i ≤ s) of O(M) such that 1 = W1 GW2 G · · · GWs = O(M)
and Wi+1/Wi is a pi -group. Clearly, W1 fixes L∞−1 elementwise. Assume Wi fixes L∞−1
elementwise. Then, since the restriction of Wi+1 on L∞−1 is a pi -group and since G FWi+1
and pi ∈ µ, Wi+1 also fixes L∞−1 elementwise. By induction, Ws = O(M) fixes L∞−1
elementwise.
First, assume that q 6= 8. Then q2 − 1 contains a 2-primitive divisor a since q is even and
the order of O(M) is divisible by q + 1, so contains an element g of order a.
Thus, g fixes L∞ −1 pointwise so that there is a Desarguesian plane 6g consisting of g-
invariant r -dimensional G F(p)-subspaces according to Johnson [25] (Theorem 3.3). Thus, pi
and6g share a net of critial deficiency. By Ostrom’s analysis of such nets [30] (Theorem 3.7),
either the two planes are equal or pi can be obtained from6g by derivation. That is, pi is either
Desarguesian or Hall.
Now assume that SL(2, pt ) is generated. Since the number of Sylow p-subgroups is pt +1
and each Sylow p-subgroup must fix a unique point of 1, it follows that pt + 1 = q + 1
so that SL(2, q) is generated. However, it is now known by the main theorem of Foulser and
Johnson [10, 11] (Theorem 3.2) that the plane is Desarguesian.
Now assume that Sz(22a+1) is generated so that p = 2. Since each Sylow 2-subgroup
must fix a unique point of 1, q + 1 = |1| = 22(2a+1) + 1 so that √q = 22a+1. Hence,
Sz(22a+1) = Sz(√q). Let 01 denote any other point orbit of M = Sz(√q) on `∞ − 1. We
note that any other orbit under a Sylow 2-subgroup has length q . Hence, (q + 1, | 01 |) = 1
so | 01 |= qk where (k, q + 1) = 1 as M is normal in G and (q + 1, |`∞ −1|) = 1.
From this, qk is a divisor of q(q − 1). Let Q be a point of 01. Then, Sz(√q)Q has order
(q + 1)q(√q − 1)/qk = (q + 1)(√q − 1)/k where (k, q + 1) = 1. However, by consulting
the list of subgroups of Sz(
√q) (see, for example, Lu¨neburg [27]), there is no subgroup of
such order.
Hence, we are left to consider the case when SL(2, 5) is generated and p = 3. Since there
are 10 Sylow 3-subgroups in SL(2, 5), it follows that q = 9, so this is excluded from our
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considerations. 2
LEMMA 5.3. Let pi be a translation plane of order q2 6= 26, 34 which admits a collineation
group G that has a point orbit at infinity of length q + 1 and i point orbits at infinity of length
(q2 − q)/ i for i = 1, 2. Furthermore, assume that G leaves invariant a subplane pio of
order q.
If the group G is non-solvable, then the subplane is Desarguesian.
PROOF. The collineation group G has order divisible by (q2 − q)(q + 1)/ i(q + 1, q − 1).
By the main theorem of Buekenhout et al. [2](Theorem 3.8), the possibilities for pio are that
pio is Desarguesian, Hall of order 9, Hering of order 27 or Lu¨neburg–Tits.
First, assume that the subplane is Lu¨neburg–Tits so that q is even. Since the group is non-
solvable, the group induced upon pio is non-solvable. Since in a Lu¨neburg–Tits’ plane of order
q , the elation groups generate a group N isomorphic to Sz(
√q), then N is normalized by the
full translation complement G | pio.
The order of N is q(q + 1)(√q − 1), the kernel of the subplane is isomorphic to G F(√q)
and G | pio is divisible by q + 1 (since the full group fixing pio pointwise must be divisible
by q(q − 1)). Since the outer automorphism group of Sz(√q) is r2 which is not divisible by√q + 1 (see, for example, The Atlas [1]), there are collineations g of pio of order dividing√q + 1 which must centralize N .
However, acting on pio, any centralizer of N must fix each elation axis and hence must fix
each component of pio. Thus, g induces a kernel homology on pio which implies that the order
of g must divide√q − 1, a contradiction.
Since we have assumed that the order is not 81, we do not consider the situation that the
subplane pio is Hall of order 9.
Consider the case that pio is Hering of order 33. Hence, the group has order divisible by
2 · 33 · 7 · 13 and the induced group on pio must normalize SL(2, 13).
To see this normality, we note that as a subgroup of GL(6, 3), G is transitive on the non-zero
vectors of V (= V (6, 3)). Let G1 be the (full) translation complement containing G. Then G1
is also transitive on the non-zero vectors of V. By the classification of finite simple groups and
by Hering’s theorem on transitive linear groups (see [16]), one can easily check that one of
the following occurs:
(1) SL(1, 36) ≤ G1 ≤ 0L(1, 36);
(2) SL(2, 33) ≤ G1 ≤ 0L(2, 33);
(3) SL(3, 32) ≤ G1 ≤ 0L(3, 32);
(4) SL(6, 3) ≤ G1 ≤ 0L(6, 3); or
(5) G1 ' SL(2, 13) and |V | = 36.
As G1 contains G, (1) and (2) do not occur. Assume (3) or (4). Let H = G∞1 , the last term
of the derived series of G1. Then H ' SL(3, 32) (or SL(6, 3)) and H contains SL(2, 13).
Since SL(2, 13) acts transitively on the line at infinity, this means that SL(3, 9) (or SL(6, 3))
has a subgroup of index 28. But, by Cooperstein’s result on the minimal degrees of classical
groups [3], the minimal degree of SL(3, 9) (or SL(6, 3)) is (93 − 1)/(9 − 1) = 91 > 28 (or
(36 − 1)/(3− 1) = 364 > 28).
This is a contradiction. Thus, we have (5) and so G = G1.
Thus, there is a 3-element which commutes with SL(2, 13).
However, any 3-element which commutes with SL(2, 13) acting on pio must fix the two
fixed components of each group of order 13. That is, this element must fix all components
of pio and hence is trivial on pio. This says that there is a group of order 9 which fixes pio
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pointwise which, in turn, by Theorem 3.4, implies that the kernel of pio is at least G F(9) and
hence, G F(27), which cannot occur.
This completes the proof of the lemma. 2
We now show that it is sufficient to assume that the group is reducible to conclude that there
is an invariant subplane.
LEMMA 5.4. Let pi be a translation plane of order q2 admitting a reducible group which
has a point orbit at infinity of length q + 1 and i point orbits at infinity of lengths (q2 − q)/ i
for i = 1, 2. Then, there is an invariant subplane of order q within the net N1 defined by the
orbit 1 of length q + 1.
PROOF. Let W0 be an invariant subspace. First, assume that q2 6= 64. By Theorem 5.1 we
may assume that there is a p-primitive divisor u of q2 − 1 and pr = q. Let G denote the
collineation group and let g be an element of G of order u. Let T and S be two components of
L∞−1 fixed by g. Set T1 = T ∩W0 and S1 = S∩W0. Assume T1 6= {0}. Then g centralizes
T1 and T/T1 as g is of order u. Hence g centralizes T . From this, S∩W0 = {0}, for otherwise
g = 1. In particular |W0| ≤ q2. Hence g centralizes W0/T1 and so centralizes W0. This forces
W0 ≤ T , a contradiction. Thus T1 = {0}. Similarly S1 = {0}. Therefore, W0 is an invariant
subplane within N1.
Now assume that the order q2 = 64.
If W0 is not contained within the net N1, then |W0| > (q2 − q)/2. Let dimG F(2)W0 = t .
Hence, we must have 2t > (26 − 23)/2 = 56/2 = 28. Hence, it must be that t = 5. We may
assume that there are two orbits 0i for i = 1, 2 of length 28 since 25 < 56. Let L be any
component of pi − N1 in say 01, and let |W0 ∩ L| = 2s . If W0 does not overlap 02 also, then
we have:
(2s − 1) · 28+ 1 = 2s · 28− 27 = 25,
which is a contradiction.
Let M be a component of 02 and let |W0 ∩ M| = 2 f .
Hence we have:
(2s − 1) · 28+ (2 f − 1) · 28+ 1 = 25,
which again cannot occur.
Hence, W0 is contained within the net N1.
Let L1 be any component of N1 and let |W0 ∩ L| = 2s . Let the components of N1 be L i
for i = 1, . . . , q + 1.
Then W0 = ∪q+1i=1 (W0 ∩ L i − {0}) so that we must have
(2s − 1)(q + 1)+ 1 = 2sq − q + 2s = 2t .
From here, it is immediate that 2s = q so that t = 2r for q = pr and p a prime.
Hence, W0 is a subspace of dimension 2r over G F(p) and admits a spread which implies
that W0 is a translation subplane of order q . 2
We now show that any irreducible subspace is always a Desarguesian subplane when the
order is not 26 or 34.
LEMMA 5.5. Let pi be a translation plane of order q2 6= 26, 34 with a solvable group G
which has a point orbit at infinity of length q + 1 and i point orbits at infinity of lengths
(q2 − q)/ i for i = 1, 2.
If G has an invariant subplane pio for i = 1, 2, then pio is Desarguesian.
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PROOF. We may assume that q is not a prime as otherwise pio is a translation plane of prime
order and hence is Desarguesian. Let G denote G | pio.
By the results of Foulser and Foulser and Kallaher [5, 6, 9] (Theorem 3.10), either pio is
Desarguesian, the order is 9 (and the plane pio is Hall or Desarguesian) or G is a subgroup of
0L(pio, L) = 0L(1, q2) in this case, which has order (q2 − 1)2r where q = pr . Since our
hypothesis avoids order 81, pio does not have order 9.
First, assume that q is odd. Hence, there exists a Baer p-group of order at least q/ | 2r |p.
We note that q/ | 2r |p> pr/2 provided pr/2 > 2r . When p is odd, then pr/2 >| 2r |p, since
pr/2 ≥ 3r/2 > 2r/2 ≥ r .
Now assume that q is even and i is 2. Then, there is a Baer group of order at least q/(2 |
2r |2). Let q = 22am where (2,m) = 1.
If a = 0, then q/(2 | 2r |2) > 2m/3 if and only if m > 3, or rather, if the order of the
plane is> 26. Since m is odd, the only other possibility is the Desarguesian plane of order 22.
However, planes of orders 22 and 23 are Desarguesian.
If a > 0, then q/(2 | 2r |2) > q1/2 if and only if 22am−(a+2) > 22a−1m if and only if
2am− (a+ 2) > 2a−1m if and only if 2a−1m > a+ 2 if and only if neither m = 3 and a = 1
nor m = 1 and a = 1, 2 or 3.
Hence, the inequality holds unless q is 22, 24, 26, or 28.
Since the kernel of pio has cardinality at least that of any Baer p-group (Theorem 3.4), it
follows that if q is one of the above few orders, then pio is Desarguesian.
Hence, we have the three cases q = 24, 26 or 28 to consider.
The translation planes of order 16 are known and none but the Desarguesian is flag-transitive.
We know that involutions are always Baer by a previous result.
Assume that q = 26 and that pio is not Desarguesian. Then, there must be a Baer group of
order at least 26/2(2 · 2) = 23 and since pio is not Desarguesian, the order of the Baer group
is exactly 23. Hence, there exists a group of order 23 acting faithfully on pio. Since we know
that all involutions are Baer, there is a Baer involution acting on pio which then fixes exactly
1+ 25 components of the net containing pio; so must fix a 26 − 23 components each of which
is in one of the orbits of length (q2−q)/ i . This means that the Sylow 2-subgroup has order at
least 27/2 = 26 and that there is a Baer group of order at least 26/ | 2(6) |= 24 which implies
that pio is Desarguesian.
Now consider q = 28. There is a Baer group of order at least 28/2(2 ·8) = 23. The previous
argument shows that we can increase the order of the Baer group to 24. However, this does
not imply that the subplane is Desarguesian in this case. However, it does show that the kernel
of the subplane is at least G F(24).
Now assume that there is a 2-primitive divisor u of 28 − 1 which acts on pio. By Lu¨neburg
[27] (Theorem 3.12) this implies that pio is Desarguesian. Since (q2 − q)/ i divides the order
of G, this implies that either pio is Desarguesian or there is an element g of order u which
fixes pio pointwise. Hence, there is another Baer subplane within the net N1 defined by pio
which is then moved by the Baer group of order 24. This means that there are at least three
Baer subplanes so that by the analysis of Foulser on numbers of Baer subplanes in a net (The-
orem 3.4) there are exactly 1 + 24 Baer subplanes incident with the zero vector within N1.
So, the element g must fix exactly two Baer subplanes and permute the remaining 24 − 1
faithfully, which means that u divides 24 − 1 , a contradiction.
Note that the case i = 1 follows directly from the above arguments. 2
So, we obtain the following result:
THEOREM 5.6. Let pi be a translation plane of order q2 6= 26, 34 which admits a collineation
group G that has a point orbit at infinity of length q + 1 and i point orbits at infinity of length
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(q2 − q)/ i for i = 1, 2. Furthermore, assume that G leaves invariant a subplane pio of
order q.
Then pio is Desargusian.
6. ORDER 26
In this section, we show that when the order is 64, the only possible quadratic extensions of
flag-transitive planes are the Desarguesian and Hall planes.
LEMMA 6.1. Let pi be a translation plane of order 64 which admits a collineation group
G which has a point orbit at infinity of length 9 and i point orbits at infinity of length 56/ i for
i = 1, 2 . Furthermore, assume that pi leaves invariant a Baer subplane pio.
If G is non-solvable, then pi is Desarguesian or Hall.
PROOF. The group induced on pio is a non-solvable subgroup of 0L(2, 8). Moreover, the
involutions incuded on pio are elations and the group generated by elements of order 2a , for
various values of a, is non-solvable and generated by elations on pio. That is, there is a normal
subgroup inducing SL(2, 4) or SL(2, 8) on pio. However, since G F(8) has no subfield of
order 4, it follows that the group induced on pio contains a subgroup isomorphic to SL(2, 8).
Let BC denote the collineation group fixing pio pointwise, where B has order dividing 8
and C has order dividing 7.
Let σ be an element of order 2a . Then σ BC is an element of order dividing 2. Hence, σ 2 is
in BC so that σ 4 = 1. Hence, the elements of a Sylow 2-subgroup have orders dividing 4.
Assume that the order of σ is 4 and hence, the minimal polynomial divides (x − 1)4 and is
either (x − 1)4 or (x − 1)3 or (x − 1)2. However, in the latter case, the element is Baer or an
elation by Lu¨neburg [27] (Theorem 3.13) which cannot occur.
Let the associated vector space be considered as a G F(p)[x]-module defined relative to σ .
Then V is a direct sum of cylic σ -modules (see, for example, Herstein [17, (6.71), (6.72)]).
If (x − 1)3 is the minimal polynomial, then a basis for V over G F(2) may be determined
so that V is a direct sum of r cyclic submodules of dimension ei at the most 3. Let 3 = e1 ≥
e2 ≥ · · · ≥ er where ∑ri=1 ei = 12. Hence, r ≥ 4. Since σ fixes a one-dimensional G F(2)-
subspace pointwise in every cyclic submodule, then σ fixes at least 24 points. However, σ
induces an elation on pio and σ 2 fixes pio pointwise. Hence, σ cannot be planar so all of the
fixed points lie on a component L of pio. However, then σ 2 could not fix pio pointwise.
Similarly, if the minimal polynomial is (x − 1)4, then the cyclic decomposition must again
have a 4-space, and acting on a 12-space there must be at least four invariant factors. Hence,
σ again fixes at least 24 points which leads to a contradiction as above.
Hence, all elements of a Sylow 2-subgroup are involutions, which implies that the Sylow
2-subgroup is elementary abelian. Thus, if S2 is a Sylow 2-subgroup, then S2 contains B and
hence centralizes B.
Now if C is non-trivial, then there is a group of order 7 which fixes pio pointwise, which
then implies that either there is a trivial B group or a group of order 8 fixing pio pointwise. In
the latter case, the plane is a generalized Hall plane by Jha [19] (Theorem 3.16) which implies
that there is a semifield of order 64 with non-solvable collineation group—a contradiction,
unless the plane is Desarguesian so that the derived plane is Hall.
Hence, we may assume that there is a trivial B-group if there is a Baer 7-group.
First, assume that i = 1.
In this case, all elements of a Sylow 2-subgroup of order at least 8 are involutions and if not
all are elations, then there exists a Baer collineation which acts on pio as an elation and hence
Quadratic extensions of flag-transitive planes 809
fixes a component of 0 (the orbit of length 56). Hence, this means that the Sylow 2-subgroups
have order at least 16, which means that there is a Baer involution fixing pio pointwise as the
group induced on pio is a subgroup of 0L(2, 8). If all elements of a Sylow 2-subgroup of order
at least 8 are elations, then SL(2, 8) is a collineation group of pi which implies that the plane
is Desarguesian.
Now assume that i = 2.
In this case, the previous proof for i = 1 applies to show that there is an elation group of
order at least 4. Hence, in this case, we also have a group SL(2, 8) generated as there is no
subfield of order 4.
Hence, we may assume that there is not a Baer 7-element. Hence, the full collineation group
B which fixes pio pointwise has even order and the Sylow 2-subgroups commute with B. Thus,
the group G generated by the Sylow 2-subgroups commutes with B and G/B is isomorphic
to SL(2, 8). Since B is elementary abelian and the Schur multiplier of SL(2, 8) is trivial, we
must have that G is isomorphic to SL(2, 8) × B (see, for example, [12] Theorem (6.6) and
Lemma (6.7)). Then, it follows using Foulser and Johnson [10, 11] Theorem 3.2 that the plane
is either Hall, Hering or Ott–Schaeffer. However, the Ott–Schaeffer planes do not admit such
groups fixing a subplane of order 8.
Thus, the plane is either Desarguesian or Hall. 2
LEMMA 6.2. Let pi be a translation plane of order 64 which admits a collineation group
G and has a point orbit at infinity of length 9 and i point orbits at infinity of length 56/ i for
i = 1, 2 .
Furthermore, assume that pi leaves invariant a Baer subplane pio.
If G is solvable, then pi is Desarguesian or Hall.
PROOF. Set L1 = `∞ ∩ pio. As G is solvable and (q2 − q)/ i is 8 · 7/ i and q + 1 = 9,
G contains a Hall {2, 3, 7}-subgroup. Hence we may assume that G itself is a {2, 3, 7}-group.
Set G = P Q R, where P , Q, and R are Sylow 2-,3-,7-subgroups of G, respectively. Let K be
the pointwise stabilizer of pio in G. Recall that the full group fixing a Baer subplane pointwise
has order divisible by 8 · 7 and a 2-group is normal where a 2′-group acts semiregularly on
the non-identify elements. Hence, 3 does not divide |K |. Since pio has order 8, the subplane is
Desarguesian and G/K is a subgroup of 0L(2, 8).
We claim that Q contains a cyclic group of order 9.
Suppose that this is false. By the above, Q is isomorphic to a subgroup of a Sylow 3-
subgroup Q1 of 0L(2, 8). As Q1 is isomorphic to M3(3) (see Theorem 5.4.4 of Goren-
stein [13]), the subgroup Q2 of Q1 generated by all elements of order 3 is of order 9 and
Q ' Q2. This implies that Q contains a field automorphism of order 3, contrary to the tran-
sitivity of Q on L1.
Set P0 = P ∩ K . Then |P/P0| ≤ 2. In particular, 2 ≤ |P0| ≤ 8.
Suppose that this is false. The order of P is at least 4. Then P/P0 contains a 4-group since
the 2-groups on pio are elementary abelian. Hence, G/K must contain a 4-group and a 3-group
so must contain SL(2, 8), contrary to the solvability of G.
Now since there exists a group of order 7 fixing pio pointwise and a non-trivial 2-group
fixing pio pointwise, it follows that the group fixing pio pointwise has order 8 · 7.
Hence, by Jha [19] (Theorem 3.16), the plane is a generalized Hall plane derived from a
semifield plane pi∗ by derivation of the net N1.
We have noted above that there is a cyclic group Q of order 9 which must induce faithfully
on pio as a subgroup of GL(2, 8). Moreover, Q is a collineation group of a derivable net and
is therefore contained in GL(2, 8)GL(2, 8), where the product is a central product whose
intersection is the common center of the two GL(2, 8)′s.
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Let Q = 〈θ〉 and let θ = hg where h fixes all components of the net N1 and g fixes all Baer
subplanes incident with the zero vector of N1. Since h and g commute, it follows that the
order of g is 9 and the order of h divides 9. Note that θ fixes pio, but h does not (as otherwise h
would induce a kernel homology of order 3 or 9 but the kernel of pio is G F(8) and the kernel
homologies of order 7). However, g also fixes pio so h = 1.
Hence, θ fixes all Baer subplanes incident with the zero vector and fixes at least two com-
ponents of the plane outside of N1.
In the derived plane, θ normalizes the central collineation group BC of order 8 · 7 which
leaves invariant the infinite points 1∗ of the derived net. However, θ fixes each point of 1∗
and since every central collineation is uniquely determined by one non-fixed image, it follows
that θ centralizes BC . Since BC is transitive on the infinite points not in N1, then θ fixes
all such infinite points and, thus, is a kernel homology of pi∗. This implies that the kernel
of pi∗ contains an element of order 9, so it can only be that the kernel is G F(81) and pi∗ is
Desarguesian implying that pi is Hall. 2
Hence, combining this with the previous section in the case when the order is 64, we have:
THEOREM 6.3. Let pi denote a translation plane of order 26 that admits a collineation
group G having a point orbit at infinity of length 23+ 1 and i point orbits at infinity, of length
(26 − 23)/ i for i = 1, 2.
If G is reducible, then there is an invariant subplane pio of order 8 and the plane pi is either
Desarguesian or Hall.
7. ORDER 81
We now consider planes of order 81.
THEOREM 7.1. Let pi denote a translation plane of order 81 that admits a collineation
group isomorphic to SL(2, 5). Then the 3-elements are either elations or Baer (generalized
elations).
PROOF. let σ be a collineation of order 3. Assume that it is not an elation or a Baer
collineation.
The plane is an eight-dimensional vector space over G F(3). Decompose the vector space
as a G F(3)[x]-module by defining v · f (x) = v f (σ ).
Then the vector space V is a direct sum of cyclic submodules of dimensions 3, 2 or 1 since
the minimal polynomial for σ is (x − 1)3 = −1+ x3.
Hence, we have the decomposition 3k + 2s + l = 8 so that k = 1 or 2
We note that a collineation can fix a subspace pointwise of dimension 3 or less (under the
assumption that the collineation is neither an elation nor Baer). Furthermore, σ fixes a 1-space
pointwise in any cyclic submodule. So, there can be at most three cyclic submodules. That is,
k + s + l ≤ 3.
If k = 1, then 2s + l = 5 and s + l ≤ 2. If s = 0, then l = 5, a contradiction. If s = 1, then
l = 3, a contradiction. If s = 2, then l = 0, a contradiction to 2s + l = 5.
Hence, k = 2 so that 2s + l = 2 and s + l ≤ 1. It follows easily that s = 1 and l = 0.
Hence, the only possibility is that we have a decomposition of (3, 3, 2) so that σ fixes a
3-dimensional G F(3)-space pointwise.
If σ is planar, then it fixes a subplane of order 3 or 9 pointwise. Hence, Fixσ is contained
in a component X .
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So, σ leaves X invariant and is faithful on X and so X is also a direct sum of cyclic sub-
modules of dimensions 3, 2 or 1.
So, 3k∗ + 2s∗ + l∗ = 4 and we know that Fixσ has dimension 3 over G F(3).
Note that for any cyclic submodule of dimension 3, σ has the canonical form[ 0 1 0
0 0 1
1 0 0
]
.
The fixed point subspace of σ is then 〈(1, 1, 1)〉 and, hence, is one-dimensional.
For any cyclic submodule of dimension 2, σ has the canonical form[
0 1
1 2
]
.
The fixed point subspace of σ is 〈(1,−1)〉 and is also one-dimensional.
Hence, there must be exactly three cyclic submodules of dimensions 3, 2 and 1 such that
3k∗ + 2s∗ + l∗ = 4 and k∗ + s∗ + l∗ = 3. It follows that s∗ = 1 and l∗ = 2.
The normalizer N of σ in SL(2, 5) has order 12. Hence, N acts on Fixσ and so permutes
a set of 33 − 1 = 26 points. Thus, a Sylow 2-subgroup of order 4 must admit an involution
which fixes a non-zero point. So, the central involution τ in SL(2, 5)must be Baer or an affine
homology.
Assume that τ is an affine homology. Then SL(2, 5) must leave the axis and center of τ in-
variant. However, this means that the 3-elements must fix non-zero points on two components
which cannot occur.
So, it must be that τ is a Baer involution. Since σ is not Baer, it follows that the group
induced on Fixτ is P SL(2, 5).
By Lu¨neburg [27] (Theorems 3.13 and 3.14), any 3-element acting on Fixτ is either an
elation or Baer on Fixτ (fixes a subplane of order 3 pointwise). Since σ is not planar, it
follows that σ is an elation acting on Fixτ .
So, every 3-element is an elation acting on Fixτ . Now if the 3-elements acting on Fixτ
have different components, then the set either generates SL(2, 3) or SL(2, 5) on Fixτ . How-
ever, we know that the induced group is P SL(2, 5). So, the 3-elements all have the same
component of Fixτ which is contained in X . This means that the induced group on Fixτ is
a group of order 3 which cannot occur as the 3-elements generate P SL(2, 5) on Fixτ .
Hence, every 3-element is either an elation or Baer. 2
Now we continue with the basic analysis of planes of order 81.
LEMMA 7.2. Let pi be a translation plane of order 81 that admits a collineation group G
which has a point orbit at infinity of length 10 and i point orbits at infinity of length 72/ i for
i = 1, 2. Furthermore, assume that G leaves invariant a subplane pio of order 9.
Then pi is Desarguesian or Hall.
PROOF. We note that 9 divides the order of the collineation group. Let B be the 3-subgroup
of order dividing 9 which fixes pio pointwise.
Assume that there exists an elation of order 3. Then the center must be in the orbit 1 of
length 10 by cardinality. Since we have a transitive group, it follows that we have that the
group generated by elations is isomorphic to SL(2, 5) or SL(2, 9). In the latter case, the
plane is Desarguesian by Foulser and Johnson [10, 11] (Theorem 3.2). In the former case, it
follows that 1 defines a derivable net (see Theorem 3.1) and, hence, pio is Desarguesian of
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order 9 and any 3-group induced on pio is a group of elations. We note that the normalizer of
SL(2, 5) within GL(2, 9) is SL(2, 5)Z(GL(2, 9)). Note that SL(2, 5) is a normal subgroup
of the full collineation group of pi . Hence, a 3-group of order at least 9 cannot induce a proper
element of GL(2, 9)− SL(2, 5) normalizing SL(2, 5) (which acts faithfully on pio), so there
is a Baer 3-element fixing pio pointwise, which is contrary to the incompatibility of Foulser
[7] (Theorem 3.5) excluding the simultaneous existence of elations and Baer p-collineations.
Thus, elations do not exist.
We assert that any 3-group of collineations contains only elements of order 3.
To see this, note that any such group must fix a component L of pio which is a four-
dimensional G F(3)-space and acts faithfully on L . Since any element g of any 3-group may
be represented on L by 
1 a b c
0 1 d e
0 0 1 f
0 0 0 1
 ,
form g3 on L as 
1 0 0 ad f
0 1 0 0
0 0 1 0
0 0 0 1

. If ad f 6= 0, then g3 must fix exactly 33 points on L .
Note also that g acts on pio and pio is either Desarguesian or the nearfield plane of order
9. In either case, there cannot exist a cyclic group of order 9 acting on pio. Hence, there is
an element of 〈g〉 which fixes pio pointwise. However, neither g nor g2 can fix pio pointwise.
Hence, it must be that g3 fixes pio pointwise. However, g3 fixes 33 points on L and fixes pio
pointwise, a contradiction. Hence, ad f = 0 and all elements have order 3.
First assume all 3-elements are Baer.
Suppose a 3-group of order at least 9 does not contain a subgroup of order 9 fixing pio
pointwise. Then, since each 3-element is Baer, there is an overlap of a Baer axis in an orbit 0
of length 72/ i for i = 1, 2 which implies that the Sylow 3-subgroups have order at least 27.
However, since the group induced on pio is in 0L(2, 9), it must be that some element of order
3 does fix pio pointwise.
By Foulser [7] (Theorem 3.6) the following three cannot simultaneously occur:
τ and σ are Baer 3-collineations and
(1) Fixτ 6= Fixσ ;
(2) Fixτ ∩ Fixσ 6= 0; and
(3) τ leaves Fixσ invariant.
Since there exists a Baer 3-element σ fixing pio pointwise, then since any other Baer
3-collineation τ must leave pio invariant and induce a 3-element (elation or identity) on pio, it
must be that Fixτ = Fixσ .
Hence, any 3-group fixes pio pointwise so there is a normal 3-group B of order 9 which we
note must be a Sylow 3-subgroup, for if not, there is a 3-element not in B, which is then Baer
and must fix pio contrary to above.
Now assume that the group G is non-solvable. Then, G restricted to pio is non-solvable and
hence the intersection in GL(2, 9) is non-solvable, which implies that the quotient modulo
the center contains P SL(2, 9) or A5, both of which contain 3-elements.
Hence, G is solvable.
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The argument given above for the general case shows that there is always a subgroup 〈g〉 of
order 5 which commutes with the full subgroup BC fixing pio pointwise, where the order of C
divides 9− 1, which implies that 〈g〉 is normal. Furthermore, there is a unique Desarguesian
spread 6 consisting of the g-invariant four-dimensional G F(3)-subspaces since g fixes pio
and at least two components of pi − pio.
Since the normalizer of 〈g〉 acts as a collineation group of6, and6 and pi admit a common
component in 0 and a collineation group acting transitively on pi−N1 which is a collineation
group of 6, it follows that 6 and pi share pi − N1. By Ostrom [30] (Theorem 3.7), the two
planes are derivates of each other (as they are not equal). Hence, it follows that pi is Hall.
Thus, pi is Hall or Desarguesian or not all 3-elements are either elations or Baer collineations.
Let g be a 3-element. Hence, the minimal polynomial divides (x − 1)3 and is not (x − 1)2,
since otherwise, g is an elation or a Baer 3-collineation by Lu¨neburg [27] (Theorem 3.13).
We may decompose the eight-dimensional G F(3)-space into a direct sum of cyclic g-
submodules of dimension 1, 2 or 3. It follows that there are three cyclic submodules of di-
mensions (3, 3, 2). Furthermore, g cannot be planar and induces faithfully a group on pio.
Hence, g fixes exactly 33 points on some component L of pio. By the structure of the nearfield
plane group, it follows that pio is Desarguesian and g induces an elation on pio. Furthermore,
pio is an invariant g-module of dimension 4 and, hence, g induces a cyclic submodule decom-
position of type (2, 2) on pio. Furthermore, L is a type (1, 1, 2) g-submodule.
Case 1: Suppose a Sylow 3-subgroup of order at least 9 induces faithfully on pio.
By the above, pio is Desarguesian and the full group has order divisible by (9·8)/2 and (9+1)
and 5 does not divide the order of the group fixing pio pointwise; it follows that the group in-
duces SL(2, 9) on pio. Assume that there are no collineations fixing pio pointwise. Then, there
is a collineation group isomorphic to SL(2, 9) acting on the translation plane which implies
that the plane is Desarguesian or Hall by Foulser and Johnson [10, 11] (Theorem 3.2).
Hence, we may assume that the group BC fixing pio pointwise is non-trivial.
First, assume that there is an element τ in B of order 3 fixing pio pointwise. Then, the Sy-
low 3-subgroup has order at least 27 and there must be a 3-element ρ fixing a component of
0. This element ρ must fix pio and induce a collineation on pio. Since pio is Desarguesian, it
follows that ρ must induce an elation on pio and hence ρ is a Baer collineation. However, then
τ and ρ satisfy the incompatibility condition of Foulser.
Thus, B is trivial. Assume that there is an involution in C which fixes pio pointwise. Then,
there is another subplane pi1 which is disjoint from pio and sharing the same infinite points.
Furthermore, since pio is Desarguesian, either there are 10 (if there are three, there are 10)
or exactly two Baer subplanes sharing the same infinite points and sharing the zero vector. If
there are 10 Baer subplanes, then an element g which fixes exactly 33 points on a component
L of pio must fix at least four of these Baer subplanes (since it must fix two) and since each is
Desarguesian, then g must induce an elation on each. However, then g fixes (L∩pio)⊕(L∩pi2)
pointwise, where pi2 is a g-invariant subplane, which implies that g fixes L pointwise. Thus,
there are exactly two such Baer subplanes, pio and pi1. Since the 3-elements on pi1 are not all
Baer, it follows that pi1 must be Desarguesian. Then, g fixes (L ∩ pio)⊕ (L ∩ pi1) pointwise,
a contradiction.
Hence, we must have SL(2, 9) acting on pi , which implies that pi is Desarguesian since the
group also leaves invariant a subplane pio.
Case 2: Assume that a Sylow 3-subgroup is not faithful on pio.
Let H denote the subgroup generated by the 3-elements and assume that H does not fix pio
pointwise. Then H restricted to pio is isomorphic to SL(2, 5).
The above argument shows that there cannot be a 3′-collineation fixing pio pointwise (again
under the assumption that there is a 3-element g fixing 33 points of a component L of pio).
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Furthermore, there is a 3-collineation τ fixing pio pointwise and if a Sylow 3-subgroup has
order at least 27, the above argument shows that there is a Baer collineation ρ inducing an
elation on pio which cannot occur.
Hence, the full collineation group B which fixes pio pointwise has order 3 and all 5-elements
commute with B. Since the 5-elements generate H | pio, the 5-elements of H generate a nor-
mal subgroup H1 which centralizes B.
Hence, H1 B = H and H is a central extension of SL(2, 5). Since SL(2, 5) has trivial Schur
multiplier, it follows that H = H1 × B, where H1 is isomorphic to SL(2, 5) (for example,
see [12, Theorem (6.6)]). It remains to show that the 3-elements of SL(2, 5) are either elations
or Baer 3-elements, either of which implies a contradiction. However, we may now utilize the
theorem proved at the beginning of this section. 2
Thus, we have:
THEOREM 7.3. Let pi be a translation plane of order 81 which admits a collineation group
G with a point orbit at infinity of length 9+1 and i point orbits at infinity of lengths (81−9)/ i
where i = 1, 2.
If G is reducible, then there is an invariant subplane of order 9 and the plane pi is either
Desarguesian or Hall.
8. TRANSITIVE EXTENSIONS OF ORDER q2
Here we prove the main result mentioned in the introduction. We state a more general result
on reducible groups which implies that the plane is a quadratic extension of a flag-transitive
plane.
THEOREM 8.1. Let pi be a translation plane of order q2 which admits a reducible group
G which has an infinite orbit of length q + 1 and i infinite orbits of lengths (q2 − q)/ i for
i = 1 or 2.
Then there is an invariant Desarguesian flag-transitive subplane pio of order q and one of
the following situations occur:
(1) pi is Desarguesian and i = 1, or
(2) pi is Hall and i = 1, or
(3) pi is the derived likeable Walker plane of order 25 and i = 1.
PROOF. By the previous two sections, we may assume that the order q2 is not 26 or 34.
By Theorem 5.6 in the basic analysis section, we may assume that there is a Desarguesian
invariant subplane pio within the orbit of length q + 1.
Let G = G | pio ' G/BC where BC fixes pio pointwise and B is an elementary abelian
normal p-subgroup of order dividing q where q = pr and C is cyclic of order dividing q − 1.
Let G ∩ GL(2, q) = G∗
We have seen by Theorem 5.1 that we may assume that q is not a prime.
Hence, we may assume that there exists a prime p-primitive divisor u of q2 − 1 and g an
element of order u. We note if u divides the order of G/G∗, then u divides r . Hence, u divides
(r, pr +1) whereas any prime v dividing r must also divide pr−1−1. Then, (pr−1−1, p2r −
1) = p(r−1,2r) − 1 = p2 − 1 or p − 1 as r is odd or even, respectively. Hence, r is odd but u
dividing p2 − 1 forces r = 1.
Hence, in any case, we may assume that g is in G∗.
First, assume that G is non-solvable so that G is non-solvable and G ∩ GL(2, q) = G∗ is
also non-solvable.
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First let p = 2. If there exists a 2-group of order > 2 in G∗, then this is an elation group
acting on pio and there must be a generated group isomorphic to SL(2, q) since G acts tran-
sitively on 1. Similarly, if p is odd and there exists a p-group of order > 3 in G∗, then
SL(2, q) is generated. In either case, SL(2, q) acts transitively on the non-zero vectors of pio
so that we may apply fundamental results of Theorem 3.9 to conclude that either the order is
16 (in which case all translation planes are known) or the group G contains SL(2, q) and we
may apply the classification of all such translation planes of order q2 by Foulser and Johnson
[10, 11] (Theorem 3.2).
If p = 2 and G is non-solvable, then there exists a 2-group of order > 2 in G∗ and we may
appeal to the above argument. If p is odd and not 3 and G is non-solvable, then there cannot be
a non-trival p-group in G∗ or we are finished. This implies that G∗ ∩ SL(2, q)/Z(SL(2, q)∩
G∗ is isomorphic to A5 or S5. It also follows that g must be in SL(2, q) by order and hence
there is an element of order u in A5. Thus, u = 3 or 5. If there is not a p-primitive element of
order not equal to 3 or 5, then we must have that q2 = p2 or p4 (see, for example, Kallaher
and Ostrom [26]). We have previously dealt with the case that q is prime.
Hence, assume that q2 = p4 and u = 5. By Hering [16] (Theorem 3.11), it follows that,
SF/F is isomorphic to a simple group where S is the normal closure of a u-group in G.
Furthermore, G/S is a subgroup of 0L(1, p2r = p4) which has order (p4 − 1)4.
Also, any odd prime divisor of p2 + 1 does not divide p2 − 1, so that p2 + 1 = 2 · 5a for
some element a. Since S is the normal closure of a 5-group, then (p2 + 1)/2 = 5a so that 5a
divides the order of S.
There is a subgroup N∗ = G∗ ∩ SL(2, q) of SL(2, q) such that N∗/Z(SL(2, q) is A5 or
S5. Thus, the order of a Sylow 5-subgroup of G∗ ∩ SL(2, q) and hence of G∗ is 5. However,
5a is the order of a Sylow 5-subgroup of G since q = p2. Hence, a = 1 and q = 9. However,
we have previously considered the situation when q = 9.
Now assume that G is solvable. Let G | 1 = G1.
First, let p be odd. Since pio is Desarguesian, then the analysis of Foulser [5] (see also
Theorem 3.10) on flag-transitive groups may be applied and, in particular, we use Eqn. (12.1)
and [5, Table I, p. 455]. Then, G1 is a transitive subgroup of 0L(1, q2) or G1∩P SL(2, q) '
A4 or S4 and q = 5, 7, 11 or 23. Note also that we are assuming that the order is not 34 and
we may assume that q is not a prime.
If p is odd, then since the group is transitive on 1, it follows that there are no p-elements
and the group induced within PGL(2, q) is a subgroup of a dihedral group of order 2(q + 1).
If p = 2, then the same conclusion applies that the induced group within PGL(2, q) is a sub-
group of a dihedral group of order 2(q + 1). This means any t-subgroup of prime odd order t
dividing q+1 is characteristic in the cyclic stem of the dihedral group (assuming that the group
is not, in fact, cyclic) and is hence normal. Let g be an element in G of order u a p-primitive
divisor. Since g is faithfully induced on pio and furthermore g is in G∗ (as shown above),
then, as noted above, 〈gZ(G∗)〉 is normal in G∗/Z(G∗). Hence 〈g〉Z(G∗) is normal in G∗.
However, since the order of g does not divide q−1, and the elements may be uniquely written
in the form gi z where z is in G∗, it follows that 〈g〉 is characteristic in G∗ so normal in G.
Let the group which fixes pio pointwise be BC where B is an elementary abelian p-group
of order q or ≥ q/2 accordingly as p is odd or even and C is a cyclic group of order dividing
q − 1.
Since g has order u, and B has order ≥ q/2, and B is a vector space upon which g acts,
then g commutes with B.
Case 1: Assume first that C 6= 〈1〉. Then, it follows easily that the net N defined by the com-
ponents of pio is derivable. Moreover, g then fixes at least three Baer subplanes of the net N .
The collineation group of N which fixes the zero vector is G1G2 where G1 is isomorphic to
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0L(2, q) and corresponds to the faithful group acting on pio and G2 is isomorphic to GL(2, q)
and corresponds to the group which fixes N∞ pointwise and is generated by the Baer groups.
We note that g restricted to pio is in G1 ∩ GL(2, q) = G∗1. The product G1G2 is a central
product where the intersection is the center of GL(2, q). Furthermore, G1 ∩ GL(2, q) is in-
duced by central collineations of N which then fix all Baer subplanes incident with the zero
vector. Let g = g1g2 where gi  Gi for i = 1, 2. We note that g1 and g2 commute and g1
fixes each Baer subplane of the net incident with the zero vector. If g fixes at least three Baer
subplanes of the net, then g2 must fix at least three and from the form of the group, this forces
g2 to fix all Baer subplanes of the net. Hence, g must fix all Baer subplanes of the net.
By the result of Johnson [25] (Theorem 3.3), there is a Desarguesian affine plane6 of order
q2 consisting of g-invariant subspaces of line size. Hence, the derived net N containing the
Baer subplanes of N is a subspread of 6. Furthermore, g must fix at least two components of
the net pi − N , one of which is say M .
We note that any Desarguesian spread containing N may be considered within some
PG(3, q) where N is a regulus. By Lu¨neburg [27] (Theorem 3.15), any Desarguesian plane
containing N admits as a collineation group the group which fixes all Baer subplanes inci-
dent with the zero vector of N—i.e., the components of N . Thus, BC acts as a collineation
group of 6. Furthermore, g is a kernel homology group of 6 and BC is a group of central
collineations. Hence, BC commutes with g.
Thus, for any group C , BC commutes with g.
From above, 〈g〉BC is a normal subgroup of G. Since BC commutes with g and has order
relatively prime to u, it follows that 〈g〉 is a normal subgroup of G. Hence, 6 contains the
components MG of pi . Since G acts transitively on pi − N , it follows that 6 and pi share
pi−N , so that6 and pi are at the most two planes that share a net pi−N of critical deficiency.
By Ostrom [30] (Theorem 3.7), it follows that either 6 = pi or pi and 6 are derivates of each
other. In the latter case, it follows that pi is Hall.
Case 2: Now assume that C = 〈1〉. In this case, B is normal in G and 〈g〉 B is normal in
G. Since 〈g〉 ∩ B = 〈1〉 and the two subgroups commute, it follows that 〈g〉 is normal in G.
Then, the above argument that shows that 6 contains pi − N applies to show that pi is Hall.
Thus, we have completed the proof of the theorem. 2
Hence, we have also proved the result on quadratic extensions stated in the introduction.
More precisely, using the analysis of the groups of the Desarguesian and Hall planes, we
have:
COROLLARY 8.2. Let pi be a finite translation plane which is a quadratic extension of a
flag-transitive plane not of order 5.
(1) If the associated collineation group is non-solvable, then pi is Desarguesian of order q2
for q > 3.
(2) If the associated collineation group is solvable, then pi is Hall or Desarguesian of order
4 or 9.
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